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Abstract 



The action for classical and consequently quantum 
N=l, D=4 supersymmetric Yang-Mills theories is proven 
to be written as a BRST exact term. In order to show 
this, the space of fields in the theory must be enlarged to 
include an extrafield as a non dynamical auxiliary field. 
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It is well known that the introduction of a set of aux- 
iliarjo fields is an appropriate framework to the quanti- 
zation of theories with on-shell algebra, whereupon the 
algebra becomes off-shell, see [i] and references therein. 
An example of theories with on-shell algebra are the 
BF models [2] and supersymmetric (susy) theories [3,4]. 
Furthermore, the method of introducing auxiliary fields 
serves a BRST invariant extension of the classical action 

[1,5,6]. 

In Ref.[7] ( see also Ref.[8]), it is shown that the intro- 
duction of auxiliary fields in the quantized topological 
BF theories guarantees also the off-shell exactness of the 
full quantum action with respect to the BRST operator. 
This reports that the BF theories with auxiliary fields 
can be formulated from susy theories of Wess-Zumino 
type, by the intermediary of the twisting process. This 
connection was obtained in dimension two [9] and four 

[10]. 

However, the exactness of the full N=2, D=4 susy 
Yang-Mills (SYM) action is established in Ref.[ii]. The 
followed strategy is to use the extension of BRST formal- 
ismEl to include the global susy. This suggests a natural 
variable redefinition between the N=2, D=4 SYM theo- 
ries and topological Yang-Mills (TYM) models, without 
using twisting procedure [12]. 

Furthermore, in Ref.[i3] ( see also Ref.[i4] ) an off-shell 
closure for N=l, D=4 SYM theories was constructed 
functionally by a linearized Slavnov- Taylor operator. This 
analysis is also applied for N=2, D=4 SYM theories 
[15,16]. In this representation the auxiliary fields formal- 
ism is available [17], while the on-shell closure ( with aux- 
iliary fields eliminated ) of the algebra can be rectified by 
adding some quadratic terms in the action, after using 
the formalism of Batalin-Vilkovisky (BV) [18]. 

Recently, the quantization of N=l, D=4 SYM theo- 
ries, without auxiliary fields, is accomplished by general- 

^By definition an auxiliary field does not describe an independent degree of 
freedom; its equation of motion is algebraic. 

^Also called BV or field-antifield formalism [26,27]. 
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ized spinor superfields [19]. In this superfield formulation, 
the action is written in terms of spinor superfields in the 
so-called transverse gauge. This treatment is also con- 
sidered for N=4 SYM theories [20]. 

On the other hand, the possibility of directly twist- 
ing the N=l SYM theory in a "microscopic" topological 
model was studied in [21,22,23]. 

In this present paper, we construct a BRST exact ex- 
tension of the classical action for N=l, D=4 SYM theo- 
ries via the introduction of an auxiliary field, in analogy 
to what is realized for the case of BF theory [7]. Thus we 
end up with a BRST exact full quantum action which 
leads after the elimination of the auxiliary field, to the 
same quantum action obtained in the context of BV for- 
malism [24] as well as in the framework of the superfibre 
bundle approach [25]. 

In the beginning we will introduce, besides the fields 
present in the quantized N=l, D=4 SYM theories, an ex- 
trafield which allows an algebraic construction of an off- 
shell nilpotent BRST operator. From this, the gauge fix- 
ing action can be written in BRST exact form. Further- 
more, we show that the classical action becomes BRST 
exact. Therefore, we will see that the obtained BRST ex- 
act complete quantum action makes us observe that the 
extr afield is a non dynamical auxiliary field. The elim- 
ination of this auxiliary field permits us to recover the 
standard quantum action with on-shell nilpotent BRST 
symmetry. 

First let us recall that the N=l, D=4 SYM theory is 
build from a gauge potential A^, and a four component 
spinor ( the susy partner of A^) A". Both of them taking 
values in a Lie algebra of a gauge group g. The classical 
action readd3 [4] 

5o = -^^^,.F^^-^A"(7a.^MA^ (1) 

where f^,^ = df,A^-d^Af,+[A^„A^], z?^ = 9^+[A^, .] and 7^ the Dirac 
matrices in the Weyl basis. In (1) and in what follows the 



^All notations and conventions are as in Wess and Bagger [4]. 
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integration sign over the D=4 space-time and trace over 
the indices of G are omitted for simphcity. 

The classical action would be invariant under susy 
transformations with parameter w given by 

u; = 0'h+tu^Qa+to''P^, (2) 

where {/J,=i,..,dimG and {Qa,P^}„=i ..,4 are the generators of 
gauge group and N=l susy group, respectively. They 
satisfy the following commutation relations 

= fijik, 

[Ii,P^,] = [Qa,P^.] = [P^.,Pu]=0, 

[Ii,Qa]=b*Qa. (3) 

where b* = h for a = 1,2 and h* = -hi for a = 3,4, giving the 
representation of the gauge symmetry of Qa- 

The fields e\ uj" and uj^^ are the parameters of the Yang- 
Mills (YM) symmetry, susy and translation, respectively. 
From this, we introduce the ghost fields required for the 
process of quantization, by substituting, as usual, the 
parameters e\ and w'^ by a product of constant anti- 
commuting parameter and the ghosts c% and c^, re- 
spectively. We also need for the gauge-fixing process the 
antighost c% x" and 1^ of c% x" and respectively, with 
their corresponding Stueckelberg fields s, and e^^. The 
action of N=l susy generators {Qa,-?^} on the fields of the 
theory is given by [4] 

[P^,X]=a^X , X any field 

[Qa,F;^] = (7^,, {D^X^y - (7j„b (D.X^y (4) 

where ^f"" = i (7''7'' - 7''7'') . 

4 



It is worthwhile to mention that we are interested in 
our present investigation on the global N=l susy trans- 
formation. So that, the parameter of the susy and trans- 
lation groups must be space-time constant, i.e. 



d^x'' = 0, 

d^C = 0, (5) 

and satisfy the condition of normalizations 

TXb = St, (6) 

r^. = '5^ (7) 

Thus, in view of (5) the classical symmetry reads 

^A" = - [w, A"] = - [e, A°] - Lo^ [Qb, A"] - [P^, A"] . (8) 

Inserting eqs.(4) into (8), we obtain the following on-shell 
susy transformations 

5A^ = D^e + Lo^ (7^^, A*" - LO-'d.A^, 
^A" = - [e, A»] + ^uj' irnt F^. - '^"S^A". (9) 

However, an elegant way to overcome the problem of 
the above mentioned on-shell closure of the algebra is to 
use the BV formalism [26] ( see also Ref. [27]). Its char- 
acteristic feature is the doubling of the field content of 
the theory by the introduction of the so-called antifields. 
These are finally eliminated by the gauge fixing proce- 
dure, leading to the quantum theory in which effective 
BRST transformations are nilpotent on-shell [24]. 

Let us note that the symmetry (9) would, naturally, 
lead to an on-shell BRST algebra in the minimal sector. 
Indeed, we have the following BRST transformations 

OA- = - [c, A"]* + \x' {ini - edy.\''\ (10) 
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Qc' = -\ [c, ct + X" (7'')„6 - ^'^^■'C'' 
QX^ = 0, 

qf;^ = - [c, F,.r - [(7,),, {D^xf" - {i.)a, {D,xf] ~ eOpF;^, 

Qc' = B' , QB' = 0, 
Qr = , QG" = 0, 

QT = EI' , QE^' = 0, (11) 

where the BRST operator is nilpotent only on-shell, since 

Q^X = xi^'xD^X. (12) 

The right-hand side of (12) is proportional to the equation 
of motion ^ of A and thus a natural way to overcome 
this problem is to modify the BRST transformation (10) 
by introducing an extrafield guaranteeing the off-shell 
nilpotency of the BRST symmetry. This is simply real- 
ized by adding x^D' to the right-hand side of (10) and 
imposing the off-shell nilpotency. So, we get 

QA" = - [c, A"]' + \x' {ini - + X'D', 

QD' = - [c, Df - x" i^nab {d^^X') ' - (13) 

It is easy to check the off-shell nilpotency of (13) by an 
explicit calculation. 

The next step is to give the complete quantum action 
of N=l, D=4 SYM theories and to show how this can 
be written in BRST exact form. To this purpose, let us 
recall that the gauge fixing action obtained in the case 
of YM theories is given by 

S^f =^Q{cd^A^), (14) 
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which involves a Lorentz gauge given by 

d^A^ = 0, (15) 

with the help of the pair {c,b). 

In the case of SYM theory we shall choose a sus^l gauge 
fixing which is the extension of the Lorentz gaugqj. This 
gauge fixing can be obtained from (15) by using the fol- 
lowing substitution 

with the help of the pair {c + TQa + TP,,.B + G''Qa + Ef'P^y 
Thus, the gauge fixing action (i4) become^ 

SlJ'' = Q {cd^A, + 26*r (7^).. d,UX'^) . (16) 

To find this, we have used the following rules 

Tr{ri,)^5), 
Tr{[Q,,Q,])^2{r)^,d^, 

Tr (p2) ^ 0. (17) 

On the other hand, a simple calculation with the help of 
the BRST transformations (u) and (13) leads to 

g5o--x"A(7^)afc^MA''^ (18) 

Thus the classical action is not BRST invariant and since 
our goal is to construct a BRST exact complete quantum 
action, we shall construct a BRST invariant extension of 
the classical action, which is BRST exact. 

Employing the BRST transformations (ii), (i3) and the 
condition (6), we observe that the action 



Se.^Q\ T:rD'Xa^ + -T:Fl,r iriab K , (19) 



*Such extension is also considered in Ref. [28], where d^A.^ represents a 
component of a chiral superfield. 

5 The last term in (16) which involves the ghosts and antighosts is the susy 
extension of the usual Faddeev-Popov action. 
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can be put in the form 

Se. = So- \d'd, + G« Qz)U„, + ^f;, {r^ab A-) • (20) 

This represents the effective BRST invariant extension 
of the classical action since the last term vanishes as 
equation of motion of the Stueckelberg auxiliary field G". 

Having found the BRST invariant extension action we 
now write the following complete quantum action 

Sq = Sex + SgJ^ , (21) 

which is consequently BRST exact. This property pro- 
vides the possibihty of directly twisting the N=l, D=4 
SYM in a topological model. 

It is worthnoting that the quantum action (21) permits 
us to observe that the auxiliary field is effectively non 
dynamical, as its equation of motion is a constraint 

1^ = - A + 26* {d^nr) ir)ab X' = 0. (22) 

Thus the essential role of u' is to guarantee the off-shell 
nilpotency of the BRST operator as well as to establish 
the exactness of the quantum action. 

In conclusion, working with the same spirit as in BF 
theories [7], we have realized the construction of the off- 
shell BRST symmetry for N=l, D=4 SYM theories by 
introducing, besides the field content of the theory, an ex- 
trafield. Another advantage of our approach is that the 
method of introducing auxiliary fields permits us to per- 
form as usual the construction of the BRST exact gauge 
fixing action, as well as the BRST exact extension of the 
classical action. Therefore, we have build the BRST ex- 
act quantum action, which allows us to observe that the 
extrafield is a non dynamical auxiliary field. The elimi- 
nation of this auxiliary field by means of its equation of 
motion permits us to recover the same quantum theory 
obtained in the context of the BV quantization method 
[24] as well as in the superfibre bundle approach [25]. 

Finally, we can go a step further, and we can use the 
method of introducing auxiliary fields for establishing 
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the exactness of the quantum action for N>1 SYM the- 
ory, since the general algebra with N>1 which are called 
extended susy algebra, can be decomposed into N=l sec- 
tors [4,28]. Therefore, the SYM theories are transformed 
into topological theories of Witten type by simply intro- 
ducing extrafields playing the role of auxiliary fields. 
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